The late inspiral, merger, and ringdown of a black hole-neutron star (BHNS) system can provide information about the neutron-star equation of state (EOS). Candidate EOSs can be approximated by a parametrized piecewise-polytropic EOS, and we report results from a large set of BHNS inspiral simulations that systematically vary two parameters. To within the accuracy of the simulations, we find that a single physical parameter Λ, describing its deformability, can be extracted from the late inspiral, merger, and ringdown waveform. This parameter is related to the radius, mass, and = 2 Love number, k2, of the neutron star by Λ = 2k2R 5 /3M 5 NS , and it is the same parameter that determines the departure from point-particle dynamics during the early inspiral. Using various configurations of a single Advanced LIGO detector, we find that Λ 1/5 or equivalently R can be extracted to 10-40% accuracy from single events for mass ratios of Q = 2 and 3 at a distance of 100 Mpc, while with the proposed Einstein Telescope, EOS parameters can be extracted to accuracy an order of magnitude better.
Introduction
Construction of the second-generation Advanced LIGO (aLIGO) detectors is underway, and will soon begin for Advanced VIRGO and LCGT, making it likely that gravitational waveforms from compact binaries will be observed in this decade. Plans are also in development for the third generation Einstein Telescope (ET) detector with an order-of-magnitude increase in sensitivity over aLIGO. Population synthesis models predict that with a single aLIGO detector black hole-neutron star (BHNS) systems be observed with a signal-to-noise ratio (SNR) of 8, at an event rate between 0.2 and 300 events per year at the same SNR and with a most likely value of 10 events per year for a canonical 1.4 M -10 M system [1] . The expected mass ratios Q = M BH /M NS of BHNS systems are also highly uncertain and may range from just under 3 to more than 20 [2, 3] .
A major goal of the gravitational-wave (GW) program is to extract from observed waveforms the physical characteristics of their sources and, in particular, to use the waveforms of inspraling and merging binary neutron star (BNS) and BHNS systems to constrain the uncertain EOS of neutron-star matter. During inspiral the tidal interaction between the two stars leads to a small drift in the phase of the gravitational waveform relative to a point particle system. Specifically the tidal field E ij of one star will induce a quadrupole moment Q ij in the other star given by Q ij = −λE ij where λ[24] is an EOS dependent quantity that describes how easily the star is distorted. A method for determining λ for relativistic stars was found by Hinderer [4] ; its effect on the waveform was calculated to Newtonian order (with the relativistic value of λ) by Flanagan and Hinderer [5] and to first post-Newtonian (PN) order by Vines, Flanagan, and Hinderer [6, 7] . This tidal description has also been extended to higher order multipoles [8, 9] . Numerical BHNS simulations have been done to examine the dependence of the waveform on mass ratio, BH spin, NS mass, and the neutron-star EOS. However, an analysis of the detectability of EOS information with GW detectors using these simulations has not yet been done, and the present paper presents the first results of this kind. EOS information from tidal interactions is present in the inspiral waveform. For BHNS systems, however, the stronger signal is likely to arise from a sharp drop in the GW amplitude arising from tidal disruption prior to merger or, when there is negligible disruption, from the cutoff frequency at merger [10] .
EOS that, to within numerical accuracy, the EOS parameter extracted from the waveform is the same tidal parameter Λ that determines the departure from point particle behavior during inspiral; here Λ is a dimensionless version of the tidal parameter:
where k 2 is the quadrupole Love number.
Conventions: Unless otherwise stated we set G = c = 1.
Parametrized EOS
To understand the dependence of the BHNS waveform on the EOS we systematically vary the free parameters of a parametrized EOS and then simulate a BHNS inspiral for each set of parameters. We choose the piecewise polytropic EOS introduced in Ref [11] . Within each density interval ρ i−1 < ρ < ρ i , the pressure p is given in terms of the rest mass density ρ by
where the adiabatic index Γ i is constant in each interval, and the pressure constant K i is chosen so that the EOS is continuous at the boundaries ρ i between adjacent segments of the EOS. The energy density is found using the first law of thermodynamics,
Ref.
[11] uses a fixed low density EOS for the NS crust. The parametrized high density EOS is then joined onto the low density EOS at a density ρ 0 that depends on the values of the high-density EOS parameters. The high-density EOS consists of a three-piece polytrope with fixed dividing densities ρ 1 = 10 14.7 g/cm 3 and ρ 2 = 10 15 g/cm 3 between the three polytropes. The resulting EOS has four free parameters. The first parameter, the pressure p 1 at the first dividing density ρ 1 , is closely related to the radius of a 1.4 M NS [12] . The other three parameters are the adiabatic indices {Γ 1 , Γ 2 , Γ 3 } for the three density intervals. This parametrization accurately fits a wide range of theoretical EOS and reproduces the corresponding NS properties such as radius, moment of inertia, and maximum mass to a few percent [11] .
Following previous work on BNS [13] and BHNS simulations [14, 15] we use a simplified two-parameter version of the piecewise-polytrope parametrization and uniformly vary each of these parameters. For our two parameters we use the pressure p 1 as well as a single fixed adiabatic index Γ = Γ 1 = Γ 2 = Γ 3 for the core. The crust EOS is given by a single polytrope with the constants K 0 = 3.5966 × 10 13 in cgs units and Γ 0 = 1.3569 so that the pressure at 10 13 g/cm 3 is 1.5689 × 10 31 dyne/cm 2 . (For most values of p 1 , Γ 1 , and Γ 2 , the central density of a 1.4 M star is below or just above ρ 2 , so the parameter Γ 3 is irrelevant anyway for BNS before merger and BHNS for all times.)
We list in Table I the 21 EOS used in the simulations along with some of the NS properties. In addition, we plot the EOS as points in parameter space in Fig. 1 along with contours of constant radius, tidal deformability Λ, and maximum NS mass. The 1.93 M maximum mass contour corresponds to the recently observed pulsar with a mass of 1.97 ± 0.04 M measured using the Shapiro delay [16] . In this two-parameter cross section of the full four-parameter EOS space, parameters below this curve are ruled out.
Description of waveforms
Using the 21 EOS described in Table I , we have performed 30 BHNS inspiral and merger simulations with different mass ratios Q = M BH /M NS and neutron star masses M NS . A complete list of these simulations is given in Table II . For the mass ratio Q = 2 and NS mass M NS = 1.35 M , we performed a simulation for each of the 21 EOS. In addition, we performed simulations of a smaller NS mass (Q = 2, M NS = 1.20 M ) Two of the gravitational waveforms are shown in Fig. 2 below. The waveforms are compared with effective one body (EOB) binary black hole (BBH) waveforms of the same mass ratio and NS mass which are also shown. The most significant differences begin just before the merger of the black hole and neutron star. For neutron stars with a small radius, the black hole does not significantly distort the neutron star which crosses the event horizon intact. As a result, the merger and ringdown of these waveforms are very similar to the BBH waveform. However, a larger NS may be completely tidally disrupted just before merger resulting in a supressed merger and ringdown waveform. Disruption suppresses the ringdown for two reasons related to the spreading of the matter:
The ringdown is primarily a superposition of nonaxisymmetric quasinormal modes, dominated by the l = m = 2 mode, while the disrupted matter is roughly axisymmetric as it accretes onto the black hole; and the accretion timescale of the spread-out matter is long compared to the periods of the dominant modes.
The monotonic dependence of the waveform on Λ can be seen in its Fourier transformh, shown in Fig. 3 . The predicted EOS dependent frequency cutoff in the waveform [10] is clearly shown in the amplitude. Neutron stars that are more easily disrupted (larger Λ) result in an earlier and lower frequency drop in their waveform amplitude than NS with smaller Λ.
Hybrid Waveform Construction
Since our numerical simulations typically begin ∼5 orbits before merger, it is necessary to join the numerical waveforms to analytic waveforms representing the earlier inspiral. There is a substantial literature comparing analytic and phenomenological waveforms with numerical waveforms extracted from simulations of BBH coalescence. For unequal mass systems, the EOB formalism (see Ref. [17] for a review) has proven to be a powerful tool to generate analytic waveforms that agree with numerical simulations.
We use a method similar to that described by Read et al. [13] to join each of the numerical BHNS waveforms to a reference EOB waveform, generating a hybrid EOB-numerical waveform. Denote a complex numerical waveform by h NR (t) = h NR + (t) − ih NR × (t) and an EOB waveform with the same Q and M NS by
A constant time-shift τ and phase-shift Φ can be applied to the EOB waveform to match it to a section of the numerical waveform by rewriting it as h EOB (t − τ )e −iΦ . We hold the numerical waveform fixed because we must specify a matching window T I < t < T F , and as discussed below, there is only a small region of the numerical waveforms over which a valid match can be performed. Once the values of τ and Φ are determined, we will then choose to instead hold the EOB waveform fixed and shift the numerical waveform in the opposite direction by rewriting it as h shift NR (t) = h NR (t + τ )e +iΦ . This is done so that all of the numerical waveforms with the same Q and M NS are aligned relative to a single fixed reference EOB waveform.
Over a matching window T I < t < T F (bounded by solid vertical lines in Fig. 2) , the normalized match between the waveforms is defined as
where
and the normalizations for each waveform in the denomenator are defined as
and
The time-shift τ and phase Φ are chosen to maximize the match m(τ, Φ) for a fixed matching window. Explicitly, the phase is determined analytically to be Φ = − arg[z(τ )]; plugging this result back into Eq. (4), the time-shift is given by maximizing |z(τ )|/[σ NR σ EOB (τ )] over τ . As stated above, once τ and Φ are found we shift the numerical waveform in the opposite direction to generate h shift
A hybrid waveform is generated by smoothly turning off the EOB waveform and smoothly turning on the shifted numerical waveform over a splicing window S I < t < S F (bounded by dotted vertical lines in Fig. 2 ) which can be chosen independently of the matching window. As in Ref. [13] , we employ Hann windows
The hybrid waveform is then written
As shown in Fig. 2 , we choose the start of the splicing interval to be the same as the start of the matching window S I = T I and choose the end of the splicing window to be S F = T I + 4 ms. It is also necessary to use these windows to smoothly turn on the hybrid waveform at low frequency when performing a discrete Fourier transform to avoid the Gibbs phenomenon. Unlike the case for BNS waveforms, it is not necessary to window the end of the hybrid waveform as the amplitude rapidly decays to zero anyway during the ringdown.
Parameter estimation
The output of a gravitational-wave detector s(t) = n(t) + h(t) is the sum of detector noise n(t) and a possible gravitational-wave signal h(t). Stationary, Gaussian noise is characterized by its power spectral density (PSD) S n (|f |) defined by
The gravitational wave signal is given in terms of the two polarizations of the gravitational wave by
where F +,× are the detector response functions and depend on the location of the binary and the polarization angle of the waves. We assume the binary is optimally located at the zenith of the detector and optimally oriented with its orbital plane parallel to that of the detector. This condition is equivalent to averaging h + and h × (F + = F × = 1/2).
It is well known [18] that the optimal statistic for detection of a known signal h(t) in additive Gaussian noise is ρ = (h|s) (h|h) (13) where the inner product between two signals h 1 and h 2 is given by
In searches for gravitational-wave signals from compact binary mergers, a parametrized signal h(t; θ A ) is known in advance of detection, and the parameters θ A must be estimated from the measured detector output s(t). The parameters θ
A of an inspiral are estimated by maximizing the inner product of the signal s(t) over the template waveforms h(t; θ A ). In the high signal-to-noise limit, the statistical uncertainty in the estimated parametersθ A arising from the instrumental noise can be estimated using the Fisher matrix
Note thatθ A are the parameter values that maximize the signal-to-noise. The variance σ
and covariance σ AB = ∆θ A ∆θ B of the parameters are then given in terms of the Fisher matrix by
For hybrid waveforms, the partial derivatives in the Fisher matrix must be approximated with finite differences. It is most robust to compute the derivatives of the Fourier transforms used in the inner product. We rewrite the Fourier transform of each waveform in terms of the amplitude A and phase Φ as exp[ln A − iΦ]. The derivatives ∂ ln A/∂θ A and ∂Φ/∂θ A are then evaluated with finite differencing.
In general, errors in the parameters θ A are correlated with each other forming an error ellipsoid in parameter space determined by the Fisher matrix Γ AB . The uncorrelated parameters that are best extracted from the signal are found by diagonalizing Γ AB . These new parameters are linear combinations of the original parameters θ A . We focus attention below on the two parameters log(p 1 ) and Γ, and fix all other parameters. We therefore construct the error ellipses in {log(p 1 ), Γ} parameter space and identify the parameter with the smallest statistical errors.
For the BHNS systems discussed here, the greatest departure from BBH behavior occurs for gravitationalwave frequencies in the range 500-5000 Hz. As a result, detector configurations optimized for detection of BHNS systems with low noise in the region below 500 Hz are not ideal for estimating EOS parameters. We therefore present results for the broadband aLIGO noise curve [19] and the ET-D noise curve [20] shown in Fig. 4 .
In Fig. 5 , we show the resulting 1-σ error ellipses in the 2-dimensional parameter space {log(p 1 ), Γ} for an optimally oriented BHNS with Q = 2 and M NS = 1.35M at a distance of 100 Mpc. Surfaces of constant Λ 1/5 and NS radius, which are almost parallel to each other, are also shown. One can see that the error ellipses are aligned with these surfaces. This indicates that, as expected, Λ 1/5 is the parameter that is best extracted from BHNS gravitational-wave observations. Because Λ 1/5 and R are so closely aligned we will use these two parameters interchangeably.
As mentioned above, there is some freedom in construction of the hybrid waveforms. The size and orientation of the error ellipses also depend on the details of this construction. We find that as long as the matching window is longer than approximately four gravitational-wave cycles to average out the effects of eccentricity and does not include the first two gravitational-wave cycles, the orientation of the error ellipses does not change significantly. As expected, the size of the ellipses decreases as more of the numerical waveform is incorporated into the hybrid waveform. We therefore adopt the last 12 ms before merger of each numerical waveform as the matching window and the first 4 ms of the matching window for splicing as shown in Fig. 2 .
We have emphasized that, to within present numerical accuracy, the late-inspiral waveform is determined by the single parameter Λ 1/5 . This implies that, by using countours of constant Λ in the EOS space, one could have obtained the constraint on the EOS, summarized in Fig. 5 by varying only a single EOS parameter. For the simulations with other mass ratios and neutron star masses, we have used as our single parameter log(p 1 ) and not Γ because countours of constant p 1 more closely coincide with contours of constant Λ and because Λ is a one to one function of log(p 1 ) throughout the parameter space. The one-parameter Fisher matrix can then be evaluated with finite differencing using the waveforms and values of Λ at two points in EOS parameter space with different log(p 1 ).
The uncertainties in Λ 1/5 and R are shown in Fig. 6 for broadband aLIGO. The uncertainty in these quantities is ∼ 10-40% for broadband aLIGO and are shifted down by an order of magnitude to ∼ 1-4% for ET-D. The uncertainties for the higher mass ratio Q = 3 are somewhat larger than for Q = 2, but not significantly so. It is not clear how rapidly the uncertainty in Λ 1/5 and R will increase as the mass ratio is increased toward more realistic values. On the one hand the tidal distortion is likely to be much smaller for larger Q. On the other hand the overall signal will be louder, and the merger and ringdown will occur at lower frequencies where the noise is lower. Additional simulations for higher Q are needed to address this question. The presence of a signal-recycling cavity in the aLIGO instruments will allow them to be tuned to have improved narrowband sensitivity at the expense of bandwith. We have examined several narrowband tunings with central frequencies that vary between approximately f R = 500 Hz and 4000 Hz. Three of these noise curves are shown in Fig. 4 . In Fig. 7 we plot the 1-σ uncertainty in NS radius σ R as a function of the narrowband central frequency f R . For the waveforms considered in this paper the optimal narrowband frequency is in the range 1000 Hz f R 2500 Hz and depends on the mass ratio, NS mass, and EOS. Narrowband configurations usually give smaller errors than the broadband configuration if f R happens to be tuned to within a few hundred Hz of the minimum for that BHNS event. 
Discussion
Using a large set of simulations incorporating a two-parameter EOS, we have found that the tidal deformability Λ 1/5 , or equivalently the NS radius R, is the parameter that will be best extracted from BHNS waveforms. These parameters can be estimated to 10-40% with broadband aLIGO for an optimally oriented BHNS binary at 100 Mpc. The narrowband aLIGO configuration can do slightly better if it is tuned to within a few hundred Hz of the ideal frequency for a given BHNS event. The proposed Einstein Telescope will have an order-of-magnitude better sensitivity to the EOS parameters.
The results presented here can be compared with recent work to determine the mass and radius of individual NS in Type-1 X-ray bursts.Özel et al. [21] have obtained mass and radius measurements from several systems by simultaneously measuring the flux F , which is likely close to the Eddington value, and the blackbody temperature T during X-ray bursts of systems with accurately determined distances. They obtain estimates of NS mass and radii with O(10%) 1-σ uncertainty. These radius error estimates are slightly smaller than those for the BHNS systems we have considered at 100 Mpc. However, we note that binary inspiral observations are subject to less systematic uncertainty due to questions of composition of the photosphere and associating it with the NS surface.
The uncertainty in NS radius for the merger and ringdown of BHNS systems examined here is of roughly the same size as that found for the last few orbits up to merger of BNS systems at the same 100 Mpc distance [13, 22] . BNS inspirals, however, will likely occur more frequently, and, including a tidally corrected inspiral-numerical hybrid, BNS systems are likely to have uncertainties that are smaller than BHNS systems by a factor of a few. Considering the post-merger phase for BNS waveforms may also provide additional information. Expected NS masses in both BNS and BHNS systems are slightly smaller than those measured for X-ray bursters which have accreted matter from their companion, so BNS and BHNS GW observations may complement X-ray burst observations by better constraining the lower density range of the EOS which is not well constained from X-ray burst observations [21, 23] .
